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Abst rac t - -We are concerned with the discrete focal boundary value problem Aax( t -k )  = f (x ( t ) ) ,  
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Ltd. All rights reserved. 
Keywords - -D i f fe rence  equations, Green's function, Fixed points. 
1. PREL IMINARIES  
In this paper, we are concerned with the existence of three positive solutions to the third-order 
boundary value problem 
-A3x( t -  k) + f(x(t)) = O, 
x(a) = Ax (t2) = A2x(b + 1) = 0, 
for all t C [a + k, b + k], (1) 
(2) 
where f : R --+ R is continuous, f is nonnegative for x > 0, and k E {1, 2}. A solution of (1),(2) 
is nonnegative on [a,b + 3], nondecreasing on [a, t2], and noninereasing on [t2,b + 3]. In [1], 
Anderson, Avery and Peterson imposed conditions on f to yield at least three positive solutions 
to (1),(2) applying the Leggett-Williams fixed-point theorem. Henderson and Thompson [2] and 
Avery and Henderson [3] used the symmetry of Green's function to improve known results for 
the existence of solutions to a second-order conjugate problem. Although the associated Green's 
function to the boundary value problem (1),(2) is not symmetric, we were able to employ the 
techniques of [2,3] to improve the known results of [1]. For a third-order continuous case, see [4]. 
The literature on positive solutions to boundary value problems is extensive. The recent book 
by Agarwal, Wong and O'Regan [5] gives a good overview for much of the work which has been 
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done and the methods used. In this paper, we will assume the reader has an understanding of 
Greei fs  functions and their applications. Books on the subject include [6,7]. In the remainder 
of this section, we will state the generalization of the Leggett-Wil l iams fixed-point theorem [8], 
which will be used to prove our main result, and provide some background results and definitions. 
DEFINITION 1. Let E be a real Banach space. A nonempty closed convex set P C E is called a 
cone if it satisfies tile following two conditions: 
(i) :r C P, A >_ 0 implies Az E P; 
(ii) :r C P, -:c ~ P implies z = O. 
Every cone P C /3  induces an ordering in E given by 
:c _< y, if and only if 9 - a: c P. 
DEFINITION 2. An operator is called completely colltinuous if  it is continuous and maps bounded 
sets into precompaet sets. 
DEFINITION 3. A map c~ is said to be a nommgative continuous concave functional on a cone P 
of a real Banach ,space E i f  
~ : P -~ [0, oc)  
is c011tillUOHS and 
o'(tx + (1  - t)y) >_ tot(x) + ( I  - t)ct(y), 
tbr all :c, y E P and t E [0, 1]. Similarly, we say the nmp /3 is a nonnegative continuous convex 
thnctional on a cone P of a real Banach space E it" 
/3: P -~ [0, oo) 
is continuous and 
9(t:~" + (] - tb)  < tfl(:~) + (1 - t)/3(~) 
for all ~c, y C P and t E [0, 1]. 
Let 7, fl, 0 be nonnegative continuous convex functionals on P and ct, '~b be nonnegative 
continuous concave flmctionals on P; then for nonnegative real numbers h, a, b, d, and c, we 
define the following convex sets: 
P(~,  c) = {:~ 
P( '> ~, a, c) - {z 
O('~,, 9, ~, c) = {~ 
P(%O,a ,a ,b ,c )  = {z 
0(~,/3,  ~, l~, ~, c) = {z 
P:  "y(:r) < e}, 
c P :  ~ < o(:~'), ~(~') < c}, 
P :  G(~') _< a, ~(:~) < c}, 
P:a  _< c~(a:), 0(z) _< b, 7(:r) < c}, 
P:  h < .,t~(:~), ~(:~) _< ,l, -r(x) _< c}. 
and 
The following fixed-point heorem is a generalization of the Leggett-Wil l iams fixed-point heorem 
due to Avery [8]. 
rfHEOREM 4. Let P be a cone ill a real Banach space E; c, h i  be positive numbei~; (t, ~b be 
nonnegative contintlotls conca'~ fill~ctionals Ol1 t); and ")% [;~, 0 be nonnegative continuous convex 
flmctionals on P with 
o,(z) _</3(:~:) and II:~ll <- M~/(:~), 
for all z ~ P(7,  c). Suppose 
A:  P(~., (,) ~ P(~., ~_.) 
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is completely continuous and there exist nonnegative numbers h, d, a, b with 0 < d < a such 
that 
(i) {x E P(7,  O, a, a, b, c) : a(x)  > a} ¢ fl and a(Ax) > a for x E P(?, O, a, a, b, c); 
(ii) {x E Q(7,/3,~,h,d,c) : [~(x) < d} # 0 and/3(Ax) < d for x E Q(7,/3,~,h,d,c'); 
(iii) a(Ax) > a for x E P(% a, a, c) with O(Az) > b; 
(iv) /~(Ax) < d for :c ¢ Q(7, ~, d, c) with ~(Ax) < h. 
Then A has at least three fixed points Xl, x2, x 3 C P(7,  c) such that 
~(zl)  < d, a < a(z2), and d </3(x3), with a(x3) < a. 
2. INTRODUCTION TO THE THIRD-ORDER BVP 
We are concerned with proving the existence of three positive solutions of the third-order 
nonlinear focal boundary value problem 
-A3a( t  - k) + f(x(t))  = 0, for all t E [a + k, b + k], 
with boundary conditions 
x(a)  = ~x ¢2) = zX'~x(b + l )  = 0, 
where f : R ---+ R is continuous, f is nonnegative for x >_ 0, and k ~ {1, 2}. The solutions 
of (1),(2) are the fixed points of the operator A defined by 
b+k 
Ax(t) : E G(t ,s)f(z(s)) ,  
s=a+k 
where G(t,s) is the Green's function for the operator L defined by 
Lx(t) : A3z( t -  k) 
with boundary conditions 
z(a) = Az  ¢2) = A2z(b + 1) = 0. 
Define [6] the factorial function by 
t (n) : t ( t -  1) . . .  ( t -  n - 1) 
for t a real number and n a positive integer. Then the Green's function is given [9] by 
ul(t,s), t<s -k+3,  
sE  [a+k, t2+k-1]  : 
G(t ,  s) = L v l ( s ) ,  t > s - t~ + 1, { ,~2(t), (3) 
sE  [ t2+k- l ,b+k]  : v2(t,s), 
where 
0 t -a  
u l ( t , s )= - ( s -k+l - t2 )  1 
1 0 
1 ~(s) = ~(s - k - a + 2) (~), 
t 1¢  
u2( t )= -a  -a) (2)  , 
1 t2 - a 
1 1)(2 )v2( t ,  s )  = ~2( t )  + ~( t  - s +/~ - 
By [9], if t2 - a _> b -  t2 + 2, 
G(t2, s) >_ G(t, s) > O, 
for t ¢ (a, b + 3], s E [a + k, b + k]. Throughout his paper, we assume that 
t2 -a>b- t2+2.  
t<s -k+3,  
t>s -k+l ,  
1 a)(2 ) 
~(t  - 
t2  - -  a 
I 
(4) 
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Lethc  {0,1 . . . .  ,b÷a- t2} .  Then 
G(t2 - h,, s) < g(t,2 + h, s), 
fbr all ~s C [~z -- k, 5 4- k]. 
PE{OOV. For  u ¢ [• + k,t,2 + k -- 1 - h], we know that  t2 + h > t2 - h > s - k + 1. As  a resu l t ,  
G(t2 4- h ,s)  - G( t  2 - h , s )  = 0. 
I f  .s' ~ It2 ÷-/,: - 1 h., t2 4- k 1], it fo l lows that  t2 - h, < s - k + 1 <_ t'2 + ]t,, so that  
1 2)(2 ) 1 
g(h ,  + h,.s) g(be - h. s) 97(s - k - a + ~(t,2 - h -  a ) (2s  - 2k - a - t2 + h, + 3) 
1 
(s k - a + 2) (~/ 
2 
_ 1 (,s' - /v  - t2 4- h, + 2) (~) 
-7_  
> 0, 
for these  s. Next  let s ~ [t9 + k - 1,t2 4- k - 1 4- h,]. Then  
1 1 t) 
G(t .2  +/u .0 G(t., - / , , ,  ,~) = E(t ,2  + t~ - ,~) ( t~ - t,. - o + ] )  + E(  .~ 4- / , .  - .~ + ~: - ] ) (2 )  
~(t2- -a)(t24- -u,÷l) h, h 
1(t94-h . s+k-1)  (2) t,+ 7 
> O. 
F ina l ly ,  cons ider  .s ff [t2 4- /~; - -  1 + h, 5 + k]. Then  
c(~ + I,, .) - c(t , ,  - / , ,  ,~) = ~[(~,, - J,. ,,)(t,. + / , . -  (, + ~) - (t,, + / , , -  ~)(t,, - / , .  ., + 1)] 
= ] l  
> O. 
3.  INEQUAL IT IES  AND EQUAL IT IES  
NEEDED IN  THE EX ISTENCE THEOREMS 
Def ine  the  Banach  spa,ce E by 
E = {~j [:u: [,,,, ~ + s] - .  R, u(,4 = 0} 
with  the SUl)nOrm a, nd the cone P of E7 I)y 
:,/ is nondecreas ing  on [a, t2], y is non increas ing  on [t2, b 4- 3], ] 
} i/ is nonnegath ,e  va lued  on [a, b + 3], P= V~K v( t2+h, )  >V( t~-h)  for a l lh ,  c [0, b+a- t2 ] ,  and  
where, I:~ is g iven  in (5). 
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For integers h, j ,  k~, k2 where 
0 < h < b+3-  t2, 
0 _< j _< b + 3 - t2, and 
1 ~ k s ~ k 2 < b+3- t2 ,  
define the' concave functionals on the cone P, 
(~:(y) := rain l l ( t)  = :l](t 2 -- h'2) 
t~[ t2_ lc2 .12_h . l  ]U[ t2+kt .12+t .2 ]  ' 
~t11(| 
tC[t2-h.12+h] 
and the convex functionals on the cone P,  
~(,v) := m~x v(t) = v(t~), 
tC[t2 h,t2+h] 
tE [a,t~-jJU[t= +.j,b+3] 
O('a) :=  ~x ~(t) = :,~(t~ + ~'~). 
t~[i2 -- k2,t2 --/,:1 ]U It2 +/q ,l 2 q-/~:2} 
We will make use of various propert ies and constants a.ssociated with the Green's  f lmction, 
which include the sums 
b+k 1 
C I :=  E G(t2+j , s )=~(t2+j -a+l )  (3~ 
.s=a+/,' 
~(ts  - t,2 - 1)(4b - a - j  - 3t2 + 7), + O,)(J + (Z 
t2 -h  1 1 
C2 := ~ c(t,2,.~)= ~(t,, -h -~: - ,+2) / :~/ ,  
s--a+h 
b+k ]_ 
(- '3:-- Z G(t2 ,s )  72( t2 -a+l ) (2 ) (b+k- t2  It), 
,s=t2+tt+l 
t2+h 1 
C4: Z C(t2, s)= G(t '2-a+l) ( '2) (h , -k+l)+~(t '2-a+2)  (3) 
8=t2 It 
1 ( t2  - -  h - k - a + 2) (3) , 
6 
t~ --kl t'2 +/,:2 
,s=t2 -/,:2 s=t2+k]  
1 [ : ~(t2-k2-a) (t2+k2 a+l)(k,2+l-k) 
(1  1 I a ~)('h (1  1 i o 3) (~) 
+ Et~-k.~+~.~-~-t~+ - 9Tt~-7_k , , -~ , -~-+~ 
( /] 1 I k 1 (9) 1 l 1 3 (~) 
E ~+ - ~ E ' + E t~ + E ~ - E t' + ~:~ + ~k~ - - . -  ~ + 
and the constants 
a( t2 ,  .~) (t,2 - a + 1) (2) 
l l  : lll&x 
~+a.<s<_b+a. G(t2  - h, s) (t'2 - h - a)( t2 + It - a + 1) 
a( t . , -k2 ,s )  ( t2 - -k9 -a ) ( t , ,+kg-a+l )  
I2 := rain -- " - (5) 
o+k<_,sSb+k G(t2 ÷ ~1,8) (t2 -- a 4- 1) (2) : 
G( t2÷j ,  8) ( t2+j - -o . ) ( t2 - - j - -a÷l )  
I3 := min 
,+~-<~_<b+~, G(t2 ,s )  (t2 - a + 1) (2) 
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4. THEOREM ON THE EX ISTENCE 
OF  THREE POSIT IVE  SOLUTIONS 
In this section, we state and prove a theorem on the existence of three positive solutions to the 
BVP (1),(2). By a positive solution of the BVP (1),(2), we mean a solution which is in the cone 
defined in the proof of the following theorem. 
THEOREM 6. Suppose a', b', and c' are nonnegative real numbers with a' < b' < c' such that f 
satisfies the following conditions: 
(i) f (w)  < ((~' -- (/(C' 2 -}- C3) /C1) /C  4 for  al l  w E [at / I1 ,  a]; 
(ii) f (w)  > b'/Ca for w E [b',b'/h]; 
(iii) .t(~) _< ~'/c,  for ~, ~ [0, ~'/5]. 
Then, the discrete third-order boundm T value problem (1),(2) has three positive solutions Yl, Y2, 
~ja 6 P(7,  c'). 
P~OOF. Define the completely continuous operator A by 
b+k 
Ay(t) = ~ c( t ,  s)/(y(s)). 
s=a+k 
~\,:e seek fixed points of A which satis[y the conclusion of the theorem. We note first, if y E P, 
then from properties of G(t, s), 
Ay(t) Z O, 
AAy(t)  >_ O, 
AAy(t)  _< O, 
Ay(t2 - h.) <_ Ay(t2 + h), 
Ay(t2 + j) >_ I,aAy(t2); 
for t c It> b + 2], 
for h~ [0, b+a- t2] ,  and 
consequently, Ay E P; that is, A : P ---, P. 
Note that for all y ~ P, 
~(y) = ,~J(t2 - k2) _< y(t2) =/5(y) 
ftlld 
1 1 
ll~,[I -< gy( t2  + j) = gT(y ) .  
If y c / ) (7 ,  c'), then [[yll ~ (1//a)7@) 5 c'/I3 ~md by Assumption (iii), we have 
v(Ay) = 
b+k 
max ~ G(t, s) f (y(s) )  
~6 [., t~ -j]u [t2 +j,5+3] 
s--a+k 
b+k 
a(t~ + j, s ) f (y(s) )  
s--a+k 
(C ' )  b+k 
s=a+k 
~- (21 ,
Therefore, 
A :  P (% c') ~ P (7,e'). 
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It is immediate that 
{ ( } y~P 7,e,<b',y2,~' :o(y)>b' ¢~ a.d 
{ ( ) } 
In the following claims, we veri[v the remaining conditions of the generalized Leggett-Williams 
f ixed-point theorem. 
CLAIM 1. I f  y C Q(7,/~, a', c') with 9(Ay) < a'/I1, then ~(Ay) < a'. 
b+k 
= max E G(t,s)f(y(s)) 
s=a+k 
b+k 
= E G(tz,s)f(y(s)) 
s=a+k 
b+k G(t2, s) 
a~ --Ks) a(t2 - h,,s)f(y(s)) 
,s=a+k 
b+k 
< Ii E G(t2- h,,s)f(y(s)) 
s=a+k 
= /l~)(Ay) < a'. 
I[y E Q(%/3, th, a'/Ii,a',c'), then [3(Ay) < a'. 
b+k 
max E G(t, s ) f (y (s ) )  
tE [t2-h,t2+h] 
s=a+k 
t2 -h -1  t2+h 
= E G(tz, s)f(y(s)) + E G(t2,s)f(y(s)) + 
s=a+k s=tz -h  
( ) < ~ ~,  c(t2,,,.) + ~' - c'(C2 + c~)/c, 
s=a+k (71 
(C' )  b+k 
+ ~ Z c(t~,,) 
8:t2q-h,q-1 
( C' ) (a'-c'(C2-[-C3)/C1) 
= ~ (c2+c3)+ c4 c4 
OZ. 
CLAIM 2. 
2(Ay) = 
b+k 
E G(t,2, s)f(y(s)) 
s--t2+h+l 
t2 ~-h 
E G(t2, s) s=t2-h 
CLAIM 3. It'y E P(% c~:,b',c') with O(Ay) > b'/I2, then c~(Ay) > b'. 
b+k 
a(Ay) = rain ~ G(t , ,s) f (y(s))  tE[t2-k2,t2-kl]U[t2+tq.t~+k2] 
s=a+,[~ 
b+k 
= E G (t2 - k2,.s') f(y(s)) 
s=a+k 
b+k (G(t2 _ iv2, s) ) 
= ~ a(t .T kl, ~ c(t~ + <, ~)f(y(~)) 
s=a+k 
b+k 
>>_ I2 E G(t2 + kl,,S).f(y(S)) 
s--a+k: 
= I20(Ay) > b'. 
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CLAIM 4. Ify C P(%O,c~,b',b'/I2,c'), then a(Ay) > b'. 
a(Ay) = 
b+k 
min E G(t, s)f(y(s)) 
tC[t2-k~,t2-kl]tA[t2+kl,t2+k2] 
s=a+k 
t2--kl t2+k2 
>>- E G(t,2- k2, s)f(Y(S)) + E G(t2- k2, s)f(y(s)) 
,s=t2-k~ s=t2+kl 
\ s=tz -k2  s=t,2+kl 
= C5 = b' .  
Therefore, the hypotheses ofthe generalized Leggett-Williams fixed-point theorem are satisfied, 
and there exist three positive solutions Yl,Y2,y3 ~ P(7, d) for the third-order discrete focal 
boundary value problem such that 
a(y~) > b', 
/3(y~) < a', and 
a(y3) < b', with ~(Y3) > a'. 
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